Abstract. This note provides a connection between the Hodge spectrum and the Hodge ideals recently developed by Mustaţǎ-Popa in the case of weighted homogeneous isolated singularities.
Introduction
The Hodge spectrum of a hypersurface singularity given by a local equation f is a fractional Laurent polynomial Sp f (t) := α∈Q n f,α t α .
It encodes information about the Hodge filtration and the monodromy action on the cohomology of the Milnor fibre. If n f,α is non-zero, then α is called a spectral number and n f,α is called the multiplicity of α. Budur [Bud03] provides an interesting connection between these numbers for 0 < α ≤ 1 and multiplier ideals. However, multiplier ideals do not have enough information about the spectral numbers and the multiplicities for α > 1.
On the other hand, in [MP16, MP18a, MP18b] Mustaţǎ-Popa has developed the theory of Hodge ideals motivated by Saito's theory of mixed Hodge modules [Sai90] . The Hodge ideals I k (D) of a Q-divisor D are indexed by non-negative integer k. For k = 0, the Hodge ideal I 0 (D) is the multiplier ideal I((1 − ǫ)D) for 0 < ǫ ≪ 1. For a weighted homogeneous isolated singularity given by f , very recently Zhang [Zha18] gives an explicit formula of Hodge ideals I k (αZ) where Z = (f = 0) is a reduced divisor (cf. Saito [Sai09] for α = 1).
The aim of this note is to provide a relation between the whole Hodge spectrum and the Hodge ideals in the case of weighted homogeneous polynomials with isolated singularities. The main result is Theorem 1.2, which shows that the spectral numbers and the multiplicities appear as "jumping numbers" and "jumping dimension" of a decreasing sequence of ideals related to the Hodge ideals. Furthermore, we give observations on a possible generalization to other cases.
Let f : (C n , 0) → (C, 0) be a weighted homogeneous holomorphic function with an isolated singularity at 0 ∈ X := C n and let Z denote the reduced divisor defined by f = 0. For k ∈ Z ≥0 and α ∈ (0, 1] ∩ Q, define ideals in C{x 1 , · · · , x n } J µ k+α := I k (αZ) + ∂f and J τ k+α := I k (αZ) + f, ∂f where I k (αZ) is the k-th Hodge ideal of αZ and ∂f denotes the Jacobian ideal of f . Since f is weighted homogeneous, we have J µ k+α = J τ k+α and we denote them by J k+α . Also, we have
Thus we can define the fractional Laurent polynomial
where J >β := J ǫ+β for 0 < ǫ ≪ 1. The main result in this note is that this Laurent polynomial coincides with the Hodge spectrum of the singularity given by f . Theorem 1.2. Let f : (C n , 0) → (C, 0) be a weighted homogeneous holomorphic function with an isolated singularity at the origin. Let Z = div(f ). For k ∈ Z and α ∈ (0, 1] ∩ Q, define
to be an ideal in C{x 1 , · · · , x n } where I k (αZ) is the k-th Hodge ideal of αZ and ∂f is the Jacobian ideal of f . Let Sp f (t) = β∈Q n f,β t β be the Hodge spectrum of f . Then
where J >β := J ǫ+β for 0 < ǫ ≪ 1.
We remark that Zhang [Zha18] Corollary 3.7 shows that the jumping numbers in J β coincide with the roots of the microlocal b-fuction b f (s) of a weighted homogeneous isolated singularity given by f .
1
Unfortunately, the fractional Laurent polynomial Sp τ f (t) does not coincide with the Hodge spectrum in general even for isolated singularities. This is because Sp τ f (1) would give the Tjurina number which is the dimension of O/ f, ∂f while Sp f (1) is equal to the Milnor number which is the dimension of O/ ∂f . Layout. Section 2 contains the basic definitions we need from the theory of Hodge ideals and Hodge spectrums. In Section 3, we focus on the weighted homogeneous isolated cases and recall known results on Hodge ideals and Hodge spectrums. We also state the main theorem and prove it. In Section 4, we present meaningful examples in non-degenerate cases. In Section 5, we discuss how to generalise this to other cases.
1 This result also gives a description of the spectral numbers in terms of the jumping numbers as it is known that the set of the spectral numbers is equal to the set of the roots of the microlocal b-fuction b f (s) in the case of weighted homogeneous isolated singularities. We thank Mihnea Popa for pointing this out to us. Acknowledgement. We are deeply grateful to Nero Budur for his valuable suggestion and encouragement. His suggestion was our starting point to study this problem. We also thank Mihnea Popa to point out the meaning of Zhang [Zha18] Corollary 3.7.
2. Preliminaries 2.1. Hodge ideals. Let X be a smooth complex variety of dimension n and let D be a reduced divisor on X. Then there is the left D X -module
of rational functions with poles along D, that is, the localization of O X along X. This is also a left D X -module underlying the mixed Hodge module
, where U = X \ D and j : U ֒→ X is the inclusion map. By [Sai90] it has the Hodge filtration F k O X ( * D) which is contained in the pole order filtration, namely
The inclusion above leads to the definition of a coherent sheaf of ideals I k (D) for each k ≥ 0 by the formula,
Mustaţǎ-Popa generalised this constrcution to Q-divisors in [MP18a] . Let D be an effective Q-divisor on X. Then we can write locally D = αZ where α is a positive rational number and Z is defined by a nonzero regular function f , that is, Z = div(f ). Then the twisted version of the localization
From this, we can define the k-th Hodge ideal as follows:
2.2. Milnor fibers and Hodge spectrums. Let f : (C n , 0) → (C, 0) be the germ of a non-zero holomorphic function. The Milnor fiber at the origin is
The cohomology groups H * (M f , C) carry canonical mixed Hodge structures such that the semi-simple part T s of the monodromy T acts as an automorphism of finite order of these mixed Hodge structures (see [PS08] -12.1.3). By the monodromy theorem, the eigenvalues λ of the monodromy action on H * (M f , C) are roots of unity. Thus we can define the spectrum multiplicity of f at α ∈ Q to be
where H j (M f,0 , C) λ is the λ-eigenspace of the reduced cohomology under T s and F is the Hodge filtration. The α is called a spectral number if n f,α = 0. The Hodge spectrum of f is the fractional Laurent polynomial
which is an invariant of the singularity of analytic function germs. The Hodge spectrum Sp f (t) contains all the information of Hodge filtration F and the semi-simple part T s of the momodromy if f has an isolated singularity at 0 ∈ C n . The Milnor algebra (or Jacobian algebra) M f
where ∂f denotes the Jacobian ideal of f , i.e. the ideal generated by { ∂f ∂x i |i = 1, . . . , n}. The complex dimension of M f is finite if f has an isolated singularity at 0 ∈ C n . It is called the Milnor number of f , i.e.
Similarly the Tjurina algebra T f := C{x 1 , · · · , x n }/ f, ∂f defines the Tjurina number τ f := dim C T f for isolated singularity cases. Obviously, we have τ f ≤ µ f . Note that τ f = µ f if and only if f is weighted homogeneous after a suitable analytic change of variables, i.e. f ∈ ∂f .
For an isolated singularity, Milnor proved that µ f = dim H n−1 (M f,0 , C) thus we have µ f = Sp f (1) by the definition of the Hodge spectrum.
Weighted homogeneous cases
Let f : (C n , 0) → (C, 0) be a weighted homogeneous polynomial function of weight (w 1 , · · · , w n ) ∈ Q n , that is,
. Define the weight of a monomial x a 1 1 x a 2 2 · · · x an n in the polynomial ring to be
This weight function induces a filtration on O defined by
We can take a monomial basis B of M f . Define 
where S i α is the vector space of weight-α homogeneous elements in S i . First note that
.
From the following short exact sequence
we have
By induction, we get
3.1. The Hodge spectrum. This section recalls some relevant formulae of the Hodge spectrum for a weighted homogeneous isolated singularity. There is a well-known formula of the Hodge spectrum in the case of a weighted homogeneous polynomial with an isolated singularity (e.g. [Kul98] II-(8.4.10)).
Proposition 3.3. Let f : (C n , 0) → (C, 0) be a weighted homogeneous holomorphic function germ with an isolated singularity at the origin. Assume that the weight of f is (w 1 , · · · , w n ). Then
Note that ∂f ∂x 1 , . . . , ∂f ∂xn form a regular sequence of homogeneous elements in C{x 1 , x 2 , . . . , x n }. The weight of ∂f ∂x i is 1 − w i + w. From (3.2), it follows that the Hilbert-Poincaré series P f (t) of the Milnor algebra is
We have seen that:
Proposition 3.5. Let f be a weighted homogeneous polynomial of weight (w 1 , · · · , w n ) with an isolated singularity at the origin. Then the HilbertPoincaré series P f (t) of the Milnor algebra coincides with the Hodge spectrum of f .
The Hodge ideals. This section recalls the theory of the Hodge ideals for weighted homogeneous isolated singularities.
Theorem 3.6 ( [Zha18] ). If D = αZ, where 0 < α ≤ 1 and Z is a reduced effective divisor defined by f , a weighted homogeneous polynomial with an isolated singularity at the origin, then we have
where the action · of D X on the right hand side is the action on the left Zha18] ). If D = αZ, where 0 < α ≤ 1 and Z is a reduced effective divisor defined by f , a weighted homogeneous polynomial with an isolated singularity at the origin, then we have
3.3. Main Theorem. For k ∈ Z ≥0 and α ∈ Q ∩ (0, 1], define
to be an ideal in C{x 1 , · · · , x n } where I k (αZ) is the k-th Hodge ideal of αZ for Z = div(f ) and ∂f is the Jacobian ideal of f . By Corollary 3.7, we know that (J β ) β∈Q is a decreasing sequence. Thus we can define the fractional Laurent polynomial
where J >β := J ǫ+β for 0 < ǫ ≪ 1. Let Sp f (t) be the Hodge spectrum of f . Our main result, which is equivalent to Theorem 1.2, is:
Theorem 3.8 (Main theorem). For a weighted homogeneous isolated singularity defined by f , we have
Proof. Proposition 3.5 shows that the Hilbert-Poincaré series P f (t) of the Milnor algebra coincides with the Hodge spectrum of f . Note that
where |B β | denotes the number of elements in B β . On the other hand, from Corollary 3.7, it follows that
Since B ∩ ∂f = ∅, we have
This implies that Sp f (t) = P f (t) = Sp τ f (t).
Non-degenerate cases
In this section we distinguish two ideals J µ β and J τ β defined in Section 1. Consider two fractional Laurent polynomials
. The Newton boundary Γ(f ) of f is the set of compact faces (not contained in any hyperplane x i = 0) of the Newton polyhedron of f . We say that f is non-degenerate if no common zeros of ∂ i f σ are in (C × ) n for every σ ∈ Γ(f ) where f σ = m∈Cone(σ) f m x m . We may assume that f contains x
. We can define a piecewise linear function h : R n ≥0 → R ≥0 satisfying: (i) h is linear on Cone(σ) for all σ ∈ Γ(f ), and (ii) h | σ = 1 for all σ ∈ Γ(f ). The function h can be constructed as follows. For each codimension one face σ ∈ Γ(f ), there is a linear form l σ such that l σ ≡ 1 on σ. For m ∈ R n ≥0 , define h(m) := inf{l σ (m) | σ is a codimension one face}. This defines a decreasing filtration on O by
which is called the Newton filtration. The Newton filtration induces a weight function ρ : O → Q defined by
Note that this weight function descends to the Milnor algebra M f as follows:
Remark 4.1. For g ∈ O ≥β , we have that gf ∈ O ≥β+1 .
For a non-degenerate isolated singularity, using Zhang's idea in [Zha18] , we can find that (in the same way): In this case, g ∈ O ≥β if and only if h(g) ≥ β − 1 2 , i.e. we have
From (4.2), we have
For α ≤ 1 2 , we have I 0 (αZ) = O and
. Then for α = 1 2 + ǫ with 0 < ǫ ≪ 1,
Thus we have J 
This means that
2 is generated by x r , x 2 y 2 , xy 
, xy, y 3 and Note that xf, yf, ∂f = ∂f as ideals in O = C{x, y}.
4 From the calculation above, it follows that 
